We study scalar cosmological perturbations in a braneworld model with a bulk Gauss-Bonnet term. For an anti-de Sitter bulk, the five-dimensional perturbation equations share the same form as in the Randall-Sundrum model, which allows us to obtain metric perturbations in terms of a master variable. We derive the boundary conditions for the master variable from the generalized junction conditions on the brane. We then investigate several limiting cases in which the junction equations are reduced to a feasible level. In the low energy limit, we confirm that the standard result of four-dimensional Einstein gravity is reproduced on large scales, whereas on small scales we find that the perturbation dynamics is described by the four-dimensional Brans-Dicke theory. In the high energy limit, all the non-local contributions drop off from the junction equations, leaving a closed system of equations on the brane. We show that, for inflation models driven by a scalar field on the brane, the Sasaki-Mukhanov equation holds on the high energy brane in its original four-dimensional form.
I. INTRODUCTION
Motivated by string theory, a new picture of our Universe has emerged, stating that our four-dimensional (4D) world is viewed as a"brane" embedded in a higher dimensional spacetime (the "bulk"). This "braneworld" picture offers us intriguing possibilities of testing theories with extra dimensions in future observations or experiments. Gravitational and cosmological consequences of braneworld models have been explored by a large number of references, and are reviewed, e.g., in [1] .
One of the simplest realizations of braneworld is proposed by Randall and Sundrum (RS) [2, 3] , assuming that the bulk involves five-dimensional (5D) Einstein gravity with a negative cosmological constant. The RS model can be naturally extended to include the Gauss-Bonnet (GB) term:
where R, R AB , and R ABCD denote the Ricci scalar, Ricci tensor, and Riemann tensor in five dimensions, respectively. This term arises in the low energy effective action of the heterotic string theory. The GB Lagrangian is the unique, ghost-free combination of quadratic curvature invariants leading to the field equations which contain derivatives of the metric of order no higher than the second [4] . In the context of the brane model with the GB correction, linearized gravity in the GB braneworld has been studied in Refs. [5, 6, 7] , while nonlinear behavior of gravity has been addressed [8, 9] using the geometrical projection approach of [10] . Cosmology on a GB brane [11, 12] is important as well, and one of the possible ways to test the braneworld idea is studying cosmological perturbations from inflation as they are linked directly to observations such as the cosmic microwave background. In this direction, Minamitsuji and Sasaki [13] have examined linearized effective gravity on a de Sitter (dS) brane, and Dufaux et al. [14] investigated tensor and scalar perturbations generated from dS inflation in the GB braneworld (The authors of [14] have performed an exact analysis for the tensor perturbations, but they have neglected bulk effects for the scalar perturbations without any justification). In the present paper, we study scalar cosmological perturbations on a more general (flat) Friedmann-Robertson-Walker cosmological brane. Cosmological perturbations in braneworlds have been discussed in the vast literature, most of which focuses on the RS model and hence considers Einstein gravity [15, 16, 17, 18, 19, 20, 21, 22, 23, 24] . In this paper we basically follow the approach taken in the RS case, extending the previous results to include the effect of the GB term.
This paper is organized as follows. In Sec. II we provide the field equations and the junction conditions in the presence of a bulk GB term and present the cosmological background solution. In Sec. III we consider scalar cosmological perturbations. First we derive the bulk metric perturbations in terms of a master variable, emphasizing that the 5D perturbation equations reduce to the same from as in the RS braneworld. Then we impose the junction conditions to give the boundary conditions for the metric perturbations. In Sec. IV we carefully investigate the limiting cases. Our conclusions are drawn in Sec. V.
II. GAUSS-BONNET BRANEWORLD

A. Preliminaries
We start with providing the basic equations that describe the GB braneworld. Our action is
where Λ is the cosmological constant in the bulk, L m is the matter Lagrangian on the brane, and σ is the brane tension. The GB Lagrangian L GB was already defined in Eq. (1) and the coupling constant α has dimension of (length) 2 . The surface term is given by 2K + (4α/3)Q, where K is the trace of the extrinsic curvature K ν µ of the brane and Q := Q µ µ with Q ν µ defined below in Eq. (6) . The 5D field equations following from the above action are
where G AB := R AB − Rg AB /2 is the Einstein tensor and H AB is the GB tensor defined by
Assuming a Z 2 symmetry across the brane, the junction conditions at the brane are given by [25] 
where T µν is the matter energy-momentum tensor and
with R µναβ , R µν and R being the Riemann tensor, Ricci tensor and Ricci scalar with respect to the 4D induced metric. The main difference in the junction conditions from those in Einstein gravity is that they include intrinsic curvature terms as well as external ones. As we will see later, it brings significant modifications to the behavior of cosmological perturbations.
Using the Codacci equation, we can show that the conservation law holds on the brane [8] :
The field equations (3) admit an anti-de Sitter (AdS) bulk with the curvature radius ℓ (=: µ −1 ). The 5D cosmological constant and µ are related by
It is useful to define a dimensionless parameter β := 4αµ 2 . In this paper, we assume the parameter range 0 ≤ β < 1. The upper limit here is sufficient for ensuring Λ < 0, but as we will see later the linearized field equations are associated with the overall factor (1 − β), and therefore we assume the tighter limit.
B. Cosmological background solution
We present a cosmological background solution which has a flat 3D geometry in the GB braneworld [12] . We write the metric in the Gaussian normal coordinates as
We may set n(t, 0) = 1, so that t is the proper time on the brane at y = y b = 0 and a b (t) := a(t, 0) is the scale factor. The 5D field equations for this metric are given in Appendix A. If 4αb = 1, where
where a prime (overdot) denotes a derivative with respect to y (t). Eq. (A3) requires (ȧ/n) ′ = 0, and hence
Substituting this into Eq. (A1), we obtain a 4 b − 2αa 4 b 2 ′ = −(Λ/6) a 4 ′ , which can be integrated immediately to give
The integration constant C corresponds to the non-zero components of the Weyl tensor in the bulk. In this paper, we restrict our analyses to the AdS background and assume C = 0. For vanishing C we obtain
We do not consider another possibility, b = (2/β − 1)µ 2 , because this does not provide a well-behaved α → 0 limit. Evaluating Eq. (13) at the brane, we obtain
where H :=ȧ b /a b is the Hubble parameter. Then Eq. (11) implies
Eqs. (14) and (15) will be used in the next section when discussing cosmological perturbations on the brane. Substituting b = µ 2 into Eq. (A1), we obtain a ′′ /a = µ 2 . From this and Eq. (14) we find
Although the 5D field equations include the GB term, the metric functions n(t, y) and a(t, y) have the same form as in the cosmological solution in the RS braneworld based on the Einstein-Hilbert action [26] . What is manifestly different is the Friedmann equation that relates the Hubble expansion rate H and the energy-momentum components on the brane. The Friedmann equation derived from the generalized junction conditions at the brane is [12] 2
The critical brane tension, which allows for a Minkowski brane, is obtained by setting H → 0 as ρ → 0:
There are three regimes for the dynamical history of the GB brane universe, two of which are basically the same as those found in the context of the RS braneworld. When
, we recover the RS-type Friedmann equation,
where we defined the 4D gravitational constant as 
III. COSMOLOGICAL PERTURBATIONS A. Perturbations in a maximally symmetric bulk Now let us consider linear perturbations about the cosmological brane background discussed in the previous section. Since we are considering the maximally symmetric bulk spacetime, the background Riemann tensor can be expressed as R (0)
BC . Using this fact, we find that the perturbed GB tensor has a following nice property:
Thus, the linearized field equations are simply given by
which, aside from the factor (1 − β), give the same perturbation equations as in Einstein gravity. This allows us to make full use of the previously known results on cosmological perturbations in the RS model. Note that Eq. (22) is a direct consequence of maximal symmetry of the background. We write the perturbed metric in an arbitrary gauge as
The gauge dependence of the metric perturbations is summarized in Appendix B. The 5D perturbation equations will be solved most easily in the so-called 5D longitudinal gauge [16] , which is defined bỹ
(Hereafter variables with tilde will denote the metric perturbations in the 5D longitudinal gauge.) We use a master variable, Ω, which was originally introduced by Mukohyama [15] in the Einstein gravity case. The perturbed 5D field equations are solved if the metric perturbations are written in terms of this master variable:
where Ω is a solution of the master equation
with ∆ := δ ij ∂ i ∂ j . The boundary conditions for Ω will be derived in the next section. The master equation (31) does not have a separable form except for the special case of a dS brane background. (The separable dS braneworld is discussed in Appendix C.) As has been worked out in the context of the RS braneworld [24] (see also [21, 22, 23] ), one must in general resort to numerical calculations to solve Eq. (31).
B. Junction conditions
Perturbed junction conditions provide the relation between the gravitational and matter perturbations on the brane, which leads to the boundary conditions for the master variable. The junction conditions are most easily derived in the brane-Gaussian normal (GN) gauge [16] , which is defined by
Here we denote by a bar the perturbations in the brane-GN gauge. Starting from the 5D longitudinal gauge in which the location of the brane is perturbed and is given by y b = ξ(x µ ), the brane-GN gauge is realized by a coordinate transformationx 
There is a residual gauge-freedom in the time coordinate, and in the following discussion we fix δt b = 0. We decompose the spatial component of the perturbed extrinsic curvature into its trace δK T and traceless part δK T L as
In the brane-GN gauge, the extrinsic curvature is simply calculated as
Hereafter in this section all the perturbation variables are evaluated at the brane. A straightforward computation gives
where the trace and traceless part of δQ j i and the trace of δG j i are defined similarly to δK T and δK T L . The perturbed 4D Einstein tensor is given in terms of the induced metric perturbations as
and the metric potentials are defined by
The perturbations of the energy-momentum tensor are given by
From the junction conditions (5) we obtain
It is worth noting here how the perturbed 4D Einstein tensor appears in the junction conditions. Eqs. (53) and (54) clearly have the suggestive form of
The other two equations (55) and (56) have the form slightly different from (57), but when a
In order to write the junction equations in terms of the master variable Ω, we now go back to the 5D longitudinal gauge by substituting Eqs. (34) and (35) into the the gauge transformation (B2). The extrinsic curvature is expressed in the 5D longitudinal gauge as [16] 
Similarly, in terms of the 5D longitudinal gauge perturbations the 4D Einstein tensor and the metric potentials are expressed, respectively, as
and
The matter perturbations are subject only to a temporal gauge transformation, and since we fix δt b = 0 they are invariant when going from the brane-GN gauge to the 5D longitudinal gauge. Looking at Eqs. (58)- (60) and (62)- (64) carefully, we find
Using these equations, the junction conditions can be rewritten as
The traceless part of the junction equation (56) with Eqs. (61), (65), and (66) yields
In the RS braneworld (β = 0), the brane bending in the 5D longitudinal gauge vanishes in the absence of the matter anisotropic stress, δπ = 0. In the GB braneworld, however, Eq. (73) clearly shows that the curvature tensors in the junction equations act as an anisotropic stress source, and hence the brane bending ξ should be taken into account in general even if δπ = 0. The situation here is in a sense similar to that of the Dvali-Gabadadze-Porrati (DGP) braneworld [27] : a induced gravity term on a DGP brane mimics anisotropic stress (see, e.g., [28] ). Using Eq. (73) (with δπ = 0), we can eliminate ξ in Eqs. (58)-(60). We then specify the relation between δρ and δp, for example, in the form of the equation of state δp = wδρ. This procedure leads to the boundary conditions for the master variable Ω, which are in general quite complicated.
A comment is now in order. Using the contracted Gauss equation [Eqs. (67)- (69)], we can express the junction conditions in terms of the perturbed Einstein tensor rather than the extrinsic curvature. However, the junction conditions cannot be written solely in terms of the Einstein tensor on the brane; Ω itself will be inevitably involved. Such extra terms correspond to the 5D Weyl tensor, and for this reason closed equations on the brane are not available in general.
IV. LIMITING CASES
In the previous section we have presented our general formalism for scalar perturbations in the GB braneworld. We now investigate limiting cases in which the junction conditions can be simplified to a great extent, in order to catch on to the specific new features brought by the GB term.
A. Low energy limit
First let us consider the low energy limit max{H 2 , |Ḣ|} ≪ µ 2 (< µ 2 /β). In this limit, we may approximate a
Then the junction equations (70)-(72) read
(1 + β)ξ = β 2µ
where
and we set δπ = 0. We have dropped terms such as H 2 ξ andḢξ in the above because Eq. (77) implies
we obtain the following simple set of equations:
1. Perturbations larger than the bulk curvature radius
Now we assume (as in [19] )
Then we have
On scales much larger than the bulk curvature scale, the gradient terms in Eqs. (84)- (86) can also be neglected as
andΦ + 4 + 3c
where δǫ := δρ − 3Hδq is the comoving density perturbation and c s is the sound velocity. Thus the standard 4D result is reproduced. Since Eqs. (56) and (61) with vanishing matter anisotropic stress imply
there is no brane bending in this case.
Small scale perturbations
Let us turn to scales much smaller than the typical GB scale, ∆Ω/a 2 b ≫ µ 2 Ω/β . For the moment we also assume the quasi-staticity of Ω [Eq. (83)] 2 . In this case we may ignore F terms relative to gradient terms in Eqs. (84)- (86), so that
These are the cosmological extension of the result in [6] . In this case we have Φ − Ψ = 0 and hence the brane bending plays an important role. Since we are considering length scales smaller than β 1/2 /µ, we cannot take a smooth limit β → 0.
The above result implies that the perturbation dynamics on small scales is described by a scalar-tensor type theory. We can show that this is in fact the case without invoking the approximation (83). Here we only require ξ ∼ (β/µ)∆Ω/a 3 b . This in particular means thatΩ can be as large as O(∆Ω/a 2 b ). Then our approximation allows one to neglect Ω terms (which can be expressed solely in terms of F at low energies) relative to the brane bending ξ in the perturbed extrinsic curvature (58)-(60). As a result, Eqs. (53)-(55) can be written as
where we used ∆ξ/a 2 b ≫ H 2 ξ. Neglecting F terms in Eqs. (74) and (76), we also havë
The above four equations and Eq. (90) are equivalent to
with the identifications
This is nothing but the linearized Brans-Dicke (BD) theory with terms of O(H 2 δϕ) neglected. The result here is in agreement with the previous results for a Minkowski brane [7] and for a dS brane in the low energy limit [13] .
In Ref. [6] it is argued by looking at Newton's potential that in the GB braneworld one can take the scale ℓ (= µ −1 ) to be of geophysical size 3 (say ∼ 1 km -100 kms) with β not too different from unity (say 0.85). One would take ℓ to be much larger and at the same time fine-tune β to be extremely close to unity, so that the BD-type theory would pass astronomical tests in the Solar System. However, in order not to spoil the standard cosmology picture after Big-Bang nucleosynthesis, ℓ must be smaller than the Hubble horizon size at that time. Therefore, ℓ is required to be < O(10 13 cm) ∼ O(AU) and so must be below cosmologically interesting length scales.
B. High energy limit
Now let us take the high energy limit, H 2 ≫ µ 2 /β. In this limit, the junction equations in the form of (53)-(56) are more convenient. Eq. (67) implies
We have assumed that the first and second terms in the right hand side of Eq. (67) do not cancel each other. This shows that the right hand side of the junction equation (53) is dominated by the perturbed 4D Einstein tensor. The same is true for the other two equations (54) and (55). Thus, in the very high energy regime we have
where we defined
Similarly, it is easy to show that the right hand side of Eq. (56) is dominated by the metric potentials. Thus we obtain
The set of equations (101)- (103) and (105) governs the perturbation dynamics at very high energies, H 2 ≫ µ 2 /β. (In this regime, we cannot take a smooth limit β → 0.) We should emphasize that all the non-local terms drop from the junction equations and hence the system is closed on the brane. Consequently, we know about the evolution of perturbations without solving the bulk. We remark here that these effective equations are shown to be consistent with the Bianchi identity by using the background equation (21) .
For a dS brane background (ǫ H = 0), which is the situation studied in Ref. [13] , the above equations reduce to the perturbed Einstein equations,
where the effective gravitational constant is given by
Thus, recovery of Einstein gravity on a dS brane in the high energy limit [13] is confirmed. For a general background with ǫ H = 0, the perturbation equations differ from the Einstein equations and the effective gravitational coupling is time-dependent. Now let us investigate the case withḢ = 0 in more detail. Consider braneworld inflation driven by a single scalar field φ which is confined on the brane. For this background we have ρ =φ 2 /2 + V (φ) and p =φ 2 /2 − V (φ), where V (φ) is the potential of the inflaton. For perturbations generated by fluctuations of the scalar field, it is quite easy to describe the evolution of perturbations in the high energy limit by introducing the Sasaki-Mukhanov variable [29] and invoking the energy conservation equation. The perturbations of the energy-momentum components are given by δρ =φ δ φ −φĀ b + (dV /dφ) δφ, δq = −φδ φ, and δp =φ δ φ −φĀ b − (dV /dφ) δφ. The equation of motion for the scalar field perturbation δφ follows from the energy conservation equation, δ (∇ ν T µν ) = 0. In terms of a scalar field perturbation in the spatially flat gauge,
we obtain the wave equation
Here perturbations were Fourier decomposed as usual, with k being comoving wave number. In deriving the wave equation we used the field equations (101)- (103) and (105), and hence the last term looks different from the corresponding equation in standard 4D cosmology. However, introducing new variables
Eq. (109) can be rewritten in a familiar form
where a prime denotes a derivative with respect to conformal time η := a −1 dt. This exactly coincides with the Sasaki-Mukhanov equation derived in the standard 4D context [29] . Since the comoving curvature perturbation R c := v/z is conserved on super-horizon scales irrespective of the gravitational field equations [30] , it is natural that the conservation equation can be recast into the form of v ′′ ≃ (z ′′ /z)v as k 2 → 0. In the present case, contrary to the RS model, the brane and bulk perturbations are decoupled on small scales. Therefore, our result might not be so surprising. Even so, we believe it interesting enough to emphasize.
V. CONCLUSIONS
In the present paper we have presented a formulation for scalar-type cosmological perturbations in a braneworld model with a bulk Gauss-Bonnet (GB) term. As a background solution, we have considered a 5D anti-de Sitter (AdS) bulk with the curvature radius µ −1 , bounded by a flat Friedmann-Robertson-Walker cosmological brane. We have assumed that the AdS curvature radius is larger than the typical length scale defined by the GB coupling α (more precisely, β := 4αµ 2 < 1). We have also assumed an arbitrary expansion rate H of the brane universe. The bulk GB term does not change the 5D perturbation equations from those in the Randall-Sundrum (RS) model, and hence we have adopted the approach using Mukohyama's master variable which was first introduced in the Einstein gravity case. As for the boundary conditions at the brane, the generalized junction equations in the presence of the GB term bring several new terms, which can in principle cause dramatic changes of the behavior of perturbations in comparison with the RS braneworld.
In order to clarify the effects of the GB term, we have investigated the limiting cases where the boundary conditions are simplified to some extent. We have shown that in the low energy limit, H 2 ≪ µ 2 , the RS model is reproduced on large scales, a b λ ≫ µ −1 , where λ is the comoving wavelength of perturbations. Namely, gravity on the brane is basically described by general relativity in this regime. On small scales, however, the result is quite different from that in the RS model. We have shown that the behavior of perturbations is effectively governed by the linearized Brans-Dicke theory for a b λ ≪ β 1/2 /µ. At very high energies, H 2 ≫ µ 2 /β, the presence of the GB term leads to the most significant changes. We have found that in this high energy limit the evolution of perturbations on the brane can be determined without reference to the bulk perturbations. This is because the perturbed extrinsic curvature terms in the junction equations are suppressed compared with the novel terms arising due to the bulk GB correction, the latter being expressed solely in terms of the local quantities on the brane.
Finally, we shall comment on scalar perturbations generated by the fluctuations of an inflaton on the brane. In order to determine the amplitude of scalar perturbations, one has to quantize the perturbations. In the RS braneworld, the perturbations on the brane are strongly coupled to the bulk metric perturbations on small scales [20, 24] , and hence the quantization of the coupled brane-bulk system is required. This is the outstanding challenge in the RS case (see, e.g., [31] ). In the high energy regime of the GB braneworld, however, the perturbations on the brane and in the bulk are decoupled irrespective of their wavelengths, which enables us to quantize the system straightforwardly. Thus our result validates the approximation of [14] ignoring bulk effects only in the high energy limit. As the energy scale of the brane becomes lower (H 2 µ 2 /β), the interplay between brane and bulk perturbations becomes strong for short wavelength modes, and one will face the same problem as in the RS braneworld.
APPENDIX A: BACKGROUND FIELD EQUATIONS
The 5D field equations are given by 
and an overdot (prime) denotes a derivative with respect to t (y).
APPENDIX B: GAUGE TRANSFORMATIONS
Under a scalar gauge transformation, 
E → E − δx,
A yy → A yy − δy ′ .
It is useful to introduce the spatially gauge-invariant combinations
which transform as
σ y → σ y + 1 a 2 δy.
The junction conditions are reduced to 
andβ := −β + 2βγ
Defining P dS (t) := 1 +β (F + 2a b ξ) + 2βγ
Eqs. (C9)-(C11) are rewritten in the following simple form:
where the energy-momentum components are now given by the perturbed scalar field. Combining Eqs. (C16)-(C18) and using the background equationφ + 3Hφ + dV /dφ = 0, we obtain
Keeping in mind the slow-roll condition |φ/φ| ≪ H, the solution to this equation is given by
where C 1 and C 2 are constants. This solution can be expressed as a sum of Bessel functions as [20] P dS = C 1 √ 2π 
